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Abstract 
Bond, J. and C. Delorme, A note on partial Cayley graphs, Discrete Mathematics 114 (1993) 
63-74. 
In this paper we propose new results about constructions of bipartite graphs of given degree and 
diameter. These constructions yield graphs with high symmetry. 
1. Introduction and notation 
One important problem in the design of interconnection networks is to construct 
large graphs having a given degree A and diameter D (see [3,5,7] for results on this 
subject or, more generally, the forthcoming book Cl]). A special case of this problem 
consists in considering only large bipartite graphs. This problem is interesting not 
only in itself but also because bipartite graphs are used to construct other large graphs 
(for example, by using compound techniques) and also to construct large bus net- 
works with maximum degree 2 (see [4] for more details). 
Let us now make precise some notations. We shall follow the terminology of Berge’s 
book [2]: 
. G = (V, E) denotes a graph with vertex set V and edge set E. 
. The degree of a vertex is the number of edges incident to it. The graphs we 
consider are A-regular, that is, all vertices have degree A. 
. A path in a graph connecting x and y is a sequence x=x1, x2, . . , xP+ 1 = y 
with (xi,xi+,)EE. 
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l The length of a path is the number of its edges. 
l The distance between x and y is the length of a shortest path between 
them. 
l The diameter of the graph is the maximum of the distances taken over all 
pairs of vertices. 
. A (A, D)-graph is a graph of maximal degree A and diameter D. 
Let b(d, D) be the maximum number of vertices of a bipartite (A, D)-graph. One can 
easily obtain by counting arguments the following upper bound for b(A, D): 
b(A D)<2(A-1)D-1 > 1 
A-2 
for A >2. As this upper bound cannot generally be reached (see [6, p. 163]), the 
problem consists in finding lower bounds, as large as possible. Here we propose some 
new graphs, having high symmetry. 
2. A new large graph 
We describe here a new large bipartite graph, found first by computer, using regular 
chords. 
The graph has 78 vertices, degree 7 and diameter 3 (see Fig. 1): 
the vertices are the integers modulo 78, and the edges are of type (i, i+ l), 
resulting in a hamiltonian cycle and the following five types of chords: each 
even vertex 2i is joined to the vertices 2i+ .5,2i+ 15, 2i + 23,2i+ 31,2i+43. 
This graph improves the bound b(7,3)366 given in [lo]. 
As all neighbors of each even vertex are odd, and vice versa, the graph is clearly 
bipartite. Note that the graph is vertex-transitive. Indeed, its automorphism group 
contains the mappings x+x + 2 mod 78 and x + 1 -x mod 78. Therefore, any vertex 
can be sent to any other vertex by some automorphism of the group. 
Since the graph is bipartite and vertex-transitive, it is easy to verify that the 
diameter is only 3. Indeed, it is sufficient to check that the distance between 0 and any 
even vertex is at most 2. 
In what follows, we generalize this construction. We want to keep bipartition and 
try to obtain vertex-transitive or almost vertex-transitive graphs. 
3. Partial Cayley graphs 
Let r be a group having a subgroup r’ of index 2 (that is, XX’E~’ as soon as x and x’ 
are not in r’). In case r is finite, this simply means that 1 T I= 2 1 r’ I. Let S be a subset of 
r disjoint from r’. We define a regular bipartite graph G as follows: 
Partial Ca_yley graphs 65 
Fig. 1. The graph on 78 vertices 
. its vertices are the elements of I-, 
. the edges are the pairs (x, xs), with XET’ and SES. We call this graph a partial 
Cayley graph. Indeed, by adding the edges (x, xs) with x in r and not in l-l, we would 
obtain the Cayley graph on r and S. 
Example 3.1. The group r is Zs, its subgroup r’ is the set of even elements of r, and 
S is { -1,3,5); the graph obtained is the usual 3-dimensional cube (Fig. 2). 
Example 3.2. The graph in the preceding section comes from the group I- = 2,8, the 
subgroup r’ of the 39 even elements of r and the set S = { - 1, 1,5,15,23,3 1,43}. 
The case with r cyclic of even order, r’ the subgroup of the even elements of r, and 
S containing three odd elements of r is considered in [13]. The geometric arguments 
used by these authors will be used in the next section. 
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Fig. 2. The 3-dimensional cube as a partial Cayley graph. 
Let US call T the subset of r, whose elements are the sisi’, with si and sj in S (thus, 
TcT’), and G the partial Cayley graph obtained from r, r’ and S. 
The following two statements are immediate. 
Proposition 3.3. The graph G is connected if and only if the set T is a generating set of 
the group r’. 
Proposition 3.4. The graph obtained by joining vertices of r’ at distance 2 in G is the 
Cayley graph on r’ and T. 
Let us have a look at the cases with small S. 
If 1 SI = 1, then G is a perfect matching. 
The case ) S I= 2 is also simple. 
Proposition 3.5. Zf ISI =2 then G is the disjoint union of cycles of length 2a, where a is 
the order of s1 s2 _ ‘, if this order isjinite, and a disjoint union of infinite (on both directions) 
paths otherwise. 
In the preceding examples the vertex transitivity was obvious. In the general case we 
can state the following proposition: 
Proposition 3.6. If r’ is commutative then G is vertex-transitive. In the general case the 
graph may not be vertex-transitive, but its automorphism group has at most two orbits, 
namely, the vertices in r’ and the vertices not in r’. 
Proof. The mappings x--rgx, with g in r’, are automorphisms of the graph. Indeed, it 
is clear that if x is in r’ then the edge (x, xs) is sent on the edge (gx, gxs). If x and y are 
both in r’ or both not in r’ then yx-’ is in r’ and the corresponding automorphism 
sends x on y. Therefore, the automorphism group of the graph G has at most two 
orbits: r’ and the other part of G. 
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Fig. 3. A partial Cayley graph on 42 vertices, which is not vertex-transitive. 
Moreover, if r’ is commutative, the mappings x+gx-‘, with g not in r’ are also 
automorphisms of the graph. Indeed, the edge (x, xs is sent on the edge 
(g(xs)-is, y(xs)- ‘) (with the latter vertex in r’). 0 
Here follows an example (Fig. 3) with two orbits, in other words, with no auto- 
morphism sending a vertex of r’ on a vertex not in r’: 
The group r is the group of affine permutations on Z’,, that is, the 42 
permutations of the form X-XZX + b mod 7, a #O mod 7. The subgroup r’ 
contains the 21 permutations with u= 1,2,4 mod 7. Finally, S contains 
x+3x, x+6x+ 1, x+6x+6. 
Now we sketch the proof that no automorphism of the graph sends vertices in r’ on 
vertices not in r’. Besides the usual transitivity arguments, it uses two properties of the 
graph in the example: 
. The edges coming from the first element of S are in two 6-cycles, and the other 
ones are in one 6-cycle; thus, the first kind of edges are preserved by the automor- 
phisms of the graph. 
. The LX-cycles contain 2 edges of the first kind, with a vertex not in r’, at distance 
1 of both. Thus, the vertices not in r’ are sent on vertices not in r’ by the auto- 
morphisms of the graph, and these automorphisms also preserve r’. 
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A partial Cayley graph will be called commutative (noncommutative) if r’ is 
commutative (noncommutative). 
4. Connected commutative cubic partial Cayley graphs 
Here again G is the partial Cayley graph obtained from r, r’ and the set 
S=so, s1, s2. 
First note that r’ is generated by two elements of T, for example, slsil and 
s2si1. Indeed, s2s;l =(s2sg1 )(s~s~~)-~ and the three other elements of Tare the 
inverses of sls;’ , s2sO’ and s2s;i . 
A fundamental case is, thus, the following one (see Fig. 4): 
. The group r’ is Z2, and S= (se, (1, O)sO, (0, l)s,,}, with s0 some element of r not in 
r’, where r is any group (abelian or not abelian) that contains r’ as a subset of 
index 2. 
The other cases are deduced from this one, via the well-known fact that any 
commutative group with two generators is a quotient of Z2 by a subgroup. 
With this choice of S, the set T contains the six elements (1, 0), ( - 1, 0), (0, l), (0, - l), 
(1, -1) (-1,l). 
This situation can be represented geometrically. We associate with the three 
elements of S three noncollinear vectors of the plane xi, 0 < i < 2, of equal length, such 
that ~~EO~i=O. The vertices and the edges of the graph are now represented by the 
vertices and edges of a hexagonal tessellation of the plane. 
The geometric counterpart is that the partial Cayley graph is the quotient of the 
tessellation by some discrete translation group (also called sublattice of Z2) preserving 
it. Here is the cube of the former example presented as a quotient of the tessellation 
(see Fig. 5). A basis of the corresponding sublattice contains the horizontal 
2x1 -x0-x2 and the vertical 2x2-2x0. 
The geometric representation is useful to find commutative cubic partial Cayley 
graphs with as many vertices as possible. 
Fig. 4. The fundamental case. 
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Fig. 5. The cube as a quotient. 
Fig. 6. The balls of radius 3 and 4. 
Let us introduce and briefly describe the ball of center x and radius Y. It is the 
set of vertices y of the tessellation of the plane such that the distance along the 
edges is at most r. The convex hulls of the balls of even radius r 32 are regular 
hexagons, the convex hulls of the balls of odd radius Y 33 are slightly irregular 
hexagons (see Fig. 6). Note that the convex hull of a ball does not contain 
other vertices. 
We remark that the diameter of G is the radius of the smallest ball such that 
the union of its images by the translations in the sublattice contains all the vertices 
of the tessellation of the plane. The number of points at even distance ~20 of a 
given point is 1+3D(D+ l), and the number of points at odd distance <2D- 1 is 
30’. As a result, we can conclude that a commutative partial Cayley graph of 
degree 3 has at most 2 + 6D(D + 1) vertices if the diameter is 20 + 1 and at most 6D2 
if the diameter is 20. 
Since the translates of the balls must cover all vertices of the tessellation of 
the plane, the positions of the translates of the centers are imposed if we want 
to obtain that maximum number of vertices in the quotient. These positions corres- 
pond to the following group-theoretic relations: (r’, T) is isomorphic to 
(Z1+3D~D+1~).,{$l,~(3D+1),~(3D+2)} if the diameter is 2D+l, 
(Z30 x Z,), ( * (i), f (: >> + (:), if the diameter is 20. 
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Among the possible realizations, we can give the following ones. 
. The diameter is 2D+ 1 
l-=Z 2+6D(D+1)2 
T’is the set of even elements of r, 
so=-1,s,=1,s2=6D+3, 
T={ +2, +(60+2), _+(60+4)). 
The sublattice is generated by (D f l)(si - sO) + D(s2 -s,,) and 
(D+l)(s*-ssg)+D(sz--1). 
. The diameter is 20 
r’ is the set of elements with even first coordinate, 
so=(,‘), s,=(& sz=(:>> 
T={k(:), kc:), k(;‘)>. 
The sublattice is generated by D(s, + s2 -2~~) and D(s2 + so - 2~~). 
5. Connected commutative partial Cayley graphs of degree 4 
In order to obtain a geometric view as in the former case, we associate with the four 
elements of S four noncoplanar vectors Xi, O<i< 3, of equal length in the 3-dimen- 
sional euclidean space, such that Cf= 0 xi = 0. The balls with even radius Y 2 2 are now 
cuboctahedra. As the cuboctahedra cannot tile the space, one cannot conclude, at 
least if D is even, about the existence of commutative partial Cayley graphs of 
diameter D, and having as much points as suggested by the number of vertices in a ball 
of radius D, namely, (5D3 +40)/6 if D is even and (5D3+7D)/6 if D is odd. 
We could find high values in some cases, namely: 
. For diameter 2, we have K+, with T=Z,, r’ the four even elements and S the 
four odd elements. 
. For diameter 3, we have the incidence graph of the projective plane of order 3, 
with r’z26, r’ the 13 even elements and S= {1,5,17,25) (see Fig. 7). 
. For diameter 4, the bound is 56 (see Fig. 8). By computer search, we found 
r=z,,, with S = { 1,5, 19,47}. 
. For diameter 5, the bound is 110. The sublattice generated by {4x0-x1 -3x,, 
5x, -x2-4x3, x0+2x1 +2x2 -5x3} gives a partial Cayley graph of order 98. This 
corresponds to r = Z,, , with S = { 1,7,39,97} (see Fig. 9). 
Asymptotically, one can obtain a graph G with order about D3/2; by using 
the sublattice generated by (x0+x1 -x2-x3). D/2, (x0-x1 +x2-x3). D/2, 
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Fig. 7. The optimal graph with D = 3 (Heawood graph) as quotient of the tessellation. 
Fig. 8. The optimal graph with D=4 as quotient of the tessellation 
Fig. 9. The ball with ISI= 4 
a graph G with order about D3/2. This can be seen as chopping off slices (Fig. 10) 
along the triangular faces of the ball in order to obtain a shape, namely, the truncated 
octahedron, that tiles the space (Fig. 11). Is this the best possible? 
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Fig. 10. Chopping the ball. 
Fig. 11. Tiling the space with truncated octahedra. 
6. Small diameters 
We check here some cases of given small diameters. A simple counting argument 
gives the upper bounds of the order of a commutative partial Cayley graph of 
degree A: 
. Diameter 2. The complete bipartite graph on 24 vertices is obtained with 
r = ZZd, and S the set of all odd integers modulo 24. 
. Diameter 3. If q = A - 1 is a prime power, the incidence graph of the projective 
plane on the Galois field on q elements attains the bound 2(qz + q + 1). By Singer’s 
theorem [ 121, this incidence graph is also a partial Cayley graph on a cyclic group. On 
the other hand, since projective planes of some orders do not exist [9], the bound is 
not always realizable. 
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7. Asymptotical behavior in the commutative case 
Let cpC(d,D) denote the maximum number of vertices of a commutative partial 
Cayley graph. In order to obtain a bound on cpC(d, D), we can count the number of 
vertices at even distance 2k and at odd distance 2k-t 1 from a given vertex. We can 
state the following proposition. 
Proposition 7.7. The number of vertices at distance t from a given vertex in a com- 
mutative partial Cayley graph is at most 
where k=rt/21 and 1=/-t/2 j. 
Proof. Let y be a vertex at distance t of x and suppose XET’. Then there is a 
path of length t between them x=x0, xi,. . , X, = y, where xzi+ 1 =x2ifzi and 
X2i=X2i_ i(fii_r)-‘, with JES. AS r’ is commutative, the set of the f’s with even 
subscript and the set of the f’s with odd subscript are disjoint; otherwise, the distance 
would be less than t. Also, because of the commutativity, the order of the f’s has no 
influence on y, but only on the path from x to y. Indeed, y depends only on how many 
times any element of S appears and with what sign (minus or plus). So, one can count 
the number of integer arrays with A entries such that the sum of the positive entries is 
k = r t/2 1 and the sum of the negative entries is 1= L t/2 J (the ith entry of the array is the 
number of f’s equal to si). In order to count these arrays, we sort them with respect to 
the number i of positive entries, the number j of negative entries and the positions of 
these entries. Now it is well known that there are (:I: ) arrays with i positive entries 
summing to k (see [l 11, for example). 0 
This proposition implies, after some dull calculations, the following asymptotical 
results. 
Corollary 7.2. The maximum number of vertices of a commutative partial Cayley graph 
in the case ofjxed A and large diameter D is in O(D”). 
Corollary 7.3. The maximum number of vertices of a commutative partial Cayley graph 
in the case of$xed diameter D and large A is of order 
c AD-’ t ’ 
As a result of the two corollaries, one can conclude that the number of vertices 
cpC(A, D) of a commutative partial Cayley graph of degree A and diameter D is 
relatively small if A and D are large. In both cases, the bipartite graphs described in 
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[S], having (1/2D-2)~D-’ vertices, give more vertices as the commutative partial 
Cayley graphs. The problem remains interesting for the noncommutative partial 
Cayley graphs. 
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